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 X ∗  
 	
    

 l : X → R ,
   X ∗  
 !














  X ∗ 
 
	  	
   
 
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   X  	 
 
     X ∗∗  X ∗      X   X

  	    X ∗∗ X     
    
     Lp(Ω)  1 < p < ∞
    
 

 X ,Y  
    
 X ∗,Y∗    

      X ⊂ Y
	  Y∗ ⊂ X ∗
 	
  l(·)  
 






 Y   	   






 X    X  
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  %& 
 %&∗ '!
 X   
   
 X ∗    

    %    (
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  ! v ∈ X ∗
uk ⇀ u ⇔ 〈v, uk〉 → 〈v, u〉 ∀v ∈ X ∗.
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u : Ω → R :
∫
Ω
|u|p dx < ∞
}
.
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 	  ‖u‖p 	  ‖u‖Lp(Ω)





= 1 ⇔ p = q
q−1   L
1(Ω)    	
  	 L∞(Ω) 
    	  	
L∞(Ω) =
{
u : Ω → R¯ :  	, ess sup |u| < ∞} ,
  		 	   	  	    	 N  	 






  1 ≤ p < +∞    	 Lp(Ω) 	  ! 	   ‖u‖p "
L∞(Ω) 	  ! 	   ‖u‖∞ := ess sup |u|
#  	 	 p = 2   	



















 Hn−1 		  (n− 1) 	 $	' 	 
u−1(t) := {x ∈ Ω : u(x) = t}.
 	 	 ∫
Ω
∣∣∇u(x)∣∣ dx = ∫ ∞
−∞
Hn−1(u−1(t)) dt.
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u : Lp(Ω) : ∂αu ∈ Lp(Ω), ∀ |α| ≤ k}
  
 
 W k,p  



































  k = 1 	
 p = 2  	
  ! 	 H1(Ω) := W 1,2(Ω)  
 

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
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	  W 1,1(Ω) 
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'  Ω   
 
 u ∈ L1(Ω)     	 
  u  $
 







'  Ω   
  $














 BV (Ω)    
 u = c = 0  
 






 BV (Ω)  
      L1 
 &((
	
‖u‖BV := |u|BV + ‖u‖L1
 	 )   
	 
 
 u  #
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	 2.1.22   W 1,1(Ω)     BV (Ω)










  BV (Ω)






 	  




     BV (Ω)    
      ! "
  BV (Ω) 
  
#      Y  	
Y :=
{
(c,∇ · ϕ) : c ∈ R, ϕ ∈ C(Ω¯;Rd), ϕ|∂Ω · n = 0
}
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	     	
)
• |·|BV  
*
• |·|BV  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  	 
   
	 ‖·‖X    Lp(0, T,X ) 
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    	
   	
   X   
	 u : [0, T ] → X 	








< ∞  1 ≤ p < ∞

‖u‖L∞(0,T ;X ) := ess sup0≤t≤T
∥∥u(t)∥∥ < ∞
 
 5   
   
             	
    

 




 Lp(0, T,X ) 	  
 	
    
	 u   















        
!





= 1  
Lp(0, T ;X )∗ ∼= Lq(0, T ;X ∗).
" p = 1 
       	
	 	
 L∞(0, T ;X ∗)  
L1(0, T ;X )∗ ∼= L∞(0, T ;X ∗)
    	 [#$]
 		
!
 X   %	     




       	
	 	      
	 
   Lp(0, T ;X )  Lq(0, T ;Y) 	








 	 Lp ⊂⊂ Lq !
   


 X ⊂⊂ Y  )











 X ,Y ,Z      	
 X ⊂⊂ Y  Y ↪→ Z !
 un   +  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  	
 
 Lp(0, T ;X )  ∂tun     
 Lq(0, T ;Z)  q = 1 






   [, , ]
 	       	  	
 
	  	
 u ∈ Lp(0, T ;X ) 







"	 X ⊂ Y   #  
	 	




 Y  
		 X ↪→ Y  
 	 





 ‖x‖Y ≤ C ‖x‖X , ∀x ∈ X   		 C > 0
$ 	 %   	  
 











  	  
 Lp ↪→ Lq 
 p > q 
 





"	 1 ≤ p < q ≤ ∞ 	 Lp(Ω) ↪→ Lq(Ω)















"	 Ω    
 
 Rn   1 ≤ k ≤ n 	 Ωk   	 
		





 Rn  k = n 	 Ωk = Ω "	 j ≥ 0  m ≥ 1   
	
 	 1 ≤ p < ∞
 
  
	 mp > n  m = n p = 1  1 ≤ k ≤ n 	
W j+m,p(Ω) ↪→ W j,q(Ωk)  p ≤ q ≤ ∞,
2.1 Function Spaces 27
    	
 
Wm,p(Ω) ↪→ Lq(Ω)  p ≤ q ≤ ∞
    1 ≤ k ≤ n   mp = n 
W j+m,p(Ω) ↪→ W j,q(Ωk)  p ≤ q < ∞,
    	
 
Wm,p(Ω) ↪→ Lq(Ω)  p ≤ q < ∞
    mp < n    n−mp < k ≤ n  p = 1   n−m ≤ k ≤ n 




Wm,p(Ω) ↪→ Lq(Ω)  p ≤ q ≤ p∗ = np
n−mp.
    	   
  []
	
  	 	  	 
   
  
 Ω ⊂ Rn  ∂Ω C1 
 1 ≤ p < n 
W 1,p(Ω) ⊂⊂ Lq(Ω)
  	 1 ≤ q < p∗  p∗    	 
! 
    	   
  ["]
  	          #     Ω ⊂ R3  
W 1,2(Ω)   !    	 
!  p∗ = 6 $   %  
	 	 !  W 1,2(Ω)  Lq(Ω)  q = 1, . . . , 5
  
 	   ! &    % W k,p %  ! 

	




 Ω ⊂ Rn  ∂Ω ∈ C1, p ∈ [1,∞), k, l ∈ N  l ≥ 1
  q < np
n−pl        	 	 !
W k,p(Ω) ⊂⊂ W k−l,q(Ω)
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  Ω ⊂ Rn 	
 1 ≤ p ≤ n
n−1   




 BV (Ω) ↪→ Lp(Ω)  p < n
n−1  
  	 











 	 Lp(0, T ;X ) 	
 Lp(0, T ;Y)  X ↪→ Y   

Lp(0, T ;X ) ↪→ Lp(0, T ;Y)
  ! 1 ≤ s < t ≤ ∞ 	
 
  
 	 Ls(0, T ;X ) 	
 Lt(0, T ;X )
 




Lt(0, T ;X ) ↪→ Ls(0, T ;X ).
  # 	  $ ! u ∈ Lp(0, T ;X ) %   

 
 X ↪→ Y
 	" ∥∥u(t)∥∥Y ≤ Ct ∥∥u(t)∥∥X ∀t ∈ [0, T ] .
  
	
 Ct   &
  "' t ∈ [0, T ]    
 	 









 ∥∥u(t)∥∥Y ≤ Cm ∥∥u(t)∥∥X ∀t ∈ [0, T ] .












∥∥u(t)∥∥pX dt = Cpm ‖u‖pLp(0,T ;X )
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 	 	 	   	 		
‖u‖pLp(0,T ;Y) ≤ C ‖u‖pLp(0,T ;X ) .
    	 		 	  			 	 		 	 2.1.18
2.1.6. Convergence Results
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		
	 X 	  " 	  uk → u  Lp(X )# 	 uk ⇀ u  Lp(X )
  	 v ∈ X ∗ 	   			  	  	# 	 	 	 
 	 	 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‖v‖Lq ‖u− uk‖Lp︸ ︷︷ ︸
→0
$	  	 !			 	    !			  		%
  	 W 1,p  !			 &	 Lp  !			
	 X 	  " 	  uk → u W 1,p(Ω)# 	 uk → u  Lp(Ω)  ∂xiuk → vi
 Lp(Ω) 		 vi  	 '  	!!	  u
   	   	  	 	(  	 W 1,p
$#   	
  	 Lp   uk  ∂xiuk  !			  	  	 !			 
 			# 	 	 !	 !	 !	

  	  	  Lp
	 1 < p < ∞  uk  	 			  Lp# 	 		 	)  			 ukn
  ukn ⇀ u  L
p 	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    ∗ 	
  L∞(Ω)
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{
u ∈ X : J(u) < ∞}
2.2.1. Derivatives
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dJ(u) 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 v ∈ X  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 F : X → R¯
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∣∣J(u+ v)− J(u)− Fv∣∣
‖v‖X
= 0 ∀v ∈ X ,
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  u ∈ X 	 F  	

    	
#  	     !	
$    	
  	
   "	
  	   %	
&    
    "	  




 X  	 		 	 	 J : X → R¯  	  	  	
 
32 2 Mathematical Preliminaries
u ∈ X     	
	    p ∈ X ∗  
J(v)− J(u)− {p, v − u} ≥ 0 ∀v ∈ X .
 p  
   	




p ∈ X ∗ : J(v)− J(u)− {p, v − u} ≥ 0 ∀v ∈ X}
 
   		
  J  u
2.2.2. Convexity
          
    
  
            
        
   
  
 	       
  [ , !, "!, #"]
  		
	 $ %
& X 	  '  ( 	 Ω ∈ X 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 
	    u, v ∈ X
αu+ (1− α)v ∈ Ω, ∀α ∈ [0, 1]
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 J : Ω → R ∪ {∞}  
J  
  	 
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  
J(αu+ (1− α)v) ≤ αJ(u) + (1− α)J(v)
 *
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  u, v ∈ Ω 
 α ∈ [0, 1] + 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  J 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v∇ · p dx
= αTV (u) + (1− αTV (v)))
2.2.3. Lower Semi-Continuity
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	 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J(u) ≤ lim inf
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J(uk)
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   uk ⇀ u  J(u) >
limk J(uk)   	
  J 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(u, a) ∈ X × R : a ≥ J(u)}
 	
   J(u) > limk J(uk)  
 b ∈ R  J(u) > b >
limk J(uk)   (u, b) /∈ epi(J) " #$  % [&'](
 	
  epi(J)       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  
 c, d ∈ R 
p ∈ X ∗ 
cb+ 〈p, u〉+ d ≤ 0

ca+ 〈p, v〉+ d ≥ 0
  (v, a), (u, b) ∈ epi(J) )! a = J(u)  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!   !	

cb ≤ cJ(u),




〈p, u〉 ≤ J(uk) + 1
c
〈p, uk〉 .
+    	!  	 〈p, u〉 = lim 〈p, uk〉  b ≤ limk J(uk)  
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u∇ · ϕk dx.
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% 
  limk→∞ J(uk) = infu∈X J(u)  k0
 # 	# 
  uk0 ∈ S(α)  2.2.15!    
 {uk : k ≥ k0} 
 	
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   
  	# 





J(u) ≤ J(uˆ) ≤︸︷︷︸ 2.2.11 limk→∞ J(uˆk) = infu∈X J(u),
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  
 X ∗   	
 	 J∗ : X ∗ → R¯ 	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{〈p, u〉X − J(u)} 	 p ∈ X ∗.
  	 J∗∗ : X ∗∗ → R¯   
 	 +" 







{〈u, p〉X ∗ − J∗(p)} 	 u ∈ X .
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 ,
(J(·+ a))∗ = J∗(·)− 〈·, a〉 ,
(J(·) + a)∗ = J∗(·)− a,
(λJ(·))∗ = λJ∗( ·
λ
), λ > 0
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G(x) + F (Kx), 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 G(u) := 1
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‖u− f‖22 + α ‖∇u‖1 .
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  xˆp   	





G(x) + F (Kx),

 G  F       


   (xˆpd, yˆpd)  
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〈Kx, y〉+G(x)− F ∗(y).
   xˆp = xˆpd
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G(x) + F ∗∗(Kx).  !"#
$         
F ∗∗(Kx) = max
y∈Y
〈Kx, y〉 − F ∗(y) = max
y∈Y
〈x,K∗y〉 − F ∗(y).
%







〈x,K∗y〉 − F ∗(y)
}
.  !(#
 G(x)    











G(x) + 〈x,K∗y〉 − F ∗(y).  !)#
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	 * *  '
 L2 $

   X = L2(Ω)  J(x) = α
2
‖x‖22 
 α > 0    J∗(x∗) = 12α ‖x∗‖22
  +   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   	 
 X ∗          
J∗(x∗) = sup
x∈L2(Ω)
〈x, x∗〉 − 1
2
‖x‖22 .
  	   J∗  	    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 	 
 xˆ = x∗
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$ X    	 
  	 B(X )    		  X  !
J(x) = ‖x‖X      J∗(x∗) = δB(X ∗)(x∗) ' δB(X ∗)   




∗ ∈ B(X ∗)
∞ 	
.
           
   x∗
( $  ‖x∗‖X ∗ ≤ 1 $      		      	

 	
〈x∗, x〉 ≤ ‖x∗‖X ∗ ‖x‖X .
!"	    〈x∗, x〉 − ‖x‖X ≤ 0  〈x∗, 0〉 = 0 = ‖0‖X   
J∗(x∗) = sup
x∗∈X ∗
〈x∗, x〉 − ‖x‖X = 0.
)    ‖x∗‖X ∗ > 1     	     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2.2 Variational Calculus 41
 	
   x0 ∈ X  
〈x∗, x0〉
‖x0‖X
> 1 ⇔ 〈x∗, x0〉 > ‖x0‖X ⇔ 〈x∗, x0〉 − ‖x0‖X > 0.
 		
    c > 0   
0 < c
(〈x∗, x0〉 − ‖x0‖X )︸ ︷︷ ︸
>0
= 〈x∗, cx0〉 − ‖cx0‖X ≤ J∗(x∗).
   	 c → ∞ 
	   J∗(x∗) = ∞
  		
	        L1 
  J(x) = ‖x+ a‖L1   a ∈ R !   J∗(x∗) = δB(L∞)(x∗) −
〈x∗, a〉 
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 	  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 	   5 
(J(·+ a))∗ = J∗(·)− 〈·, a〉 
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	 # $%& '(&' ) ' & *	 ' & +,
  X = Rn,Y = Rm  K ∈ Rm×n - 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2.2.7. Examples for Concrete Problems
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 	 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  	    	 	 Ax = b
     	   		
x− b+ λK∗Kx != 0 ⇔ x+ λK∗Kx = b ⇔ (I +K∗K)x = b
	  		 A := I +K∗K  	   
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‖x− a‖22 + λ ‖x‖1 .
!		 	  	"  	 ‖x‖1 :=
∑n
i=1 |xi|   	
 	 ‖x‖1 :=√∑n
i=1 x
2





 	 xˆ  	 
xˆ = sgn(a) ·max(|a| − λ, 0) =: Saniso(a, λ)




·max(‖a‖2 − λ, 0) =: Siso(a, λ)
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 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 #	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‖x− a‖22 + argmax
y∈Y
〈x, y〉 .
     
     	 
 Y :=
{
y : |y| ≤ 1} 
argmin 










‖x− a‖22 + 〈x, y〉 . !"#$
%   	 







(x− a) + y != 0 ↔ x = a− λy














































∣∣ > 1 (⇔ |a| > λ ⇔ |a| − λ > 0)
* 
+    






‖x− a‖22 + 〈x, yˆ〉 ,





(xˆ− a) + yˆ != 0 ⇔ xˆ = a− λyˆ =
⎧⎨
⎩0  |a| − λ ≤ 0a− λsgn(a)  |a| − λ > 0
  	
    
	
xˆ = sgn(a) ·max(|a| − λ, 0).
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 
 	












 	  
    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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    		   
 Y     !  	
  
   	  Y :=
{
y : ‖y‖2 ≤ 1
}
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    	  	  " a
λ

    L2  	


   yˆ = a
λ
      
   L2 	

 
 #  L2
$  a
λ











 ‖a‖2 − λ ≤ 0
a
‖a‖2  ‖a‖2 − λ > 0
 	   






0  ‖a‖2 − λ ≤ 0
a− λ a‖a‖2  ‖a‖2 − λ > 0
,
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·max(‖a‖2 − λ, 0).











‖u− u˜‖22 + λ ‖βu− g‖1 , λ, β > 0.




f(u) := βu− g.
  L1 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λβ  f(u˜) < −λβ2
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 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 

 u < g
β
, u > g
β

 u = g
β
 








u− u˜+ λ(−1)β != 0.
!   
   

u = u˜+ λβ.
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 u > g
β













u− u˜+ λp != 0 ⇔ u = u˜− λp,
 p   
  
 





 ‖u‖1   
{







p ∈ [−β, β]}  " 
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   $ 

 p ∈ [−β, β] 
	
 |p| ≤ β !
 
 ∣∣∣∣− gλβ + u˜λ
∣∣∣∣ ≤ β ⇔ |βu˜− g| ≤ λβ2 ⇔ ∣∣f(u˜)∣∣ ≤ λβ2.
   %	
 &" ' (
 
)  u := (u1, . . . , un)
T ,β := (β1, . . . , βn)
T 
 "  	

f(u) := β · u− g.
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‖u− u˜‖22 + λ
∥∥f(u)∥∥
1








λβ  f(u˜) < −λ ‖β‖2
−λβ  f(u˜) > λ ‖β‖2
−f(u˜)β‖β‖2 
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 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1
2
2  4 
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K : X → Y  7 
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G(x) + F (Kx), "(2#
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‖u− f‖22 + α ‖∇u‖1 ,
     G(u) := 1
2
‖u− f‖22 
 F (Ku) := α ‖∇u‖1   K := ∇ 
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〈Kx, y〉+G(x)− F ∗(y), #$
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x00
xk+1 = proxτF (x
k − τ∇G(xk)).
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 τ, σ > 0, θ ∈ [0, 1], (x0, y0) ∈ X ×Y 	  x¯0 = 0 "  	
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xˆk+1 = xk+1 + θ(xk+1 − xk) %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xˆk+1 = xk+1 + θ(xk+1 − xk).
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y˜k+1 = yk + σ∇xˆk





























xˆk+1 = xk+1 + θ(xk+1 − xk).
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x− x˜k+1 + τ(x− f) != 0 ⇔ x = 1
1 + τ
(x˜+ τf).
"   
 
    

 
y˜k+1 = yk + σ∇xˆk











xˆk+1 = xk+1 + θ(xk+1 − xk).
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56 3 Image Segmentation
• g(0) = c, c ∈ R+ 
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Φ ← Φ + δt · deltaTerm(μ · areaTerm · divTerm+ λ1 ·meanI + λ2 ·meanO)
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4.1.1. Optical Flow and Real Motion
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4.1.2. Mathematical Context
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4.3. Mass Preservation Constraint
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4.4. Comparison Between Optical Flow and Mass
Preservation
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0 = ∂tu+∇ · (uv) = ∂tu+∇u · v︸ ︷︷ ︸
OpticalF low
+u∇ · v,
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4.5. Variational Motion Estimation
4.5.1. Mathematical Context
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∂tu+∇u · v = 0
4.5 Variational Motion Estimation 89
  t0   t1   t2
  t0   t1   t2
  	
    	 
   
  
     
   
   
 	    

   	     
          
       
  
    
90 4 Motion Estimation
      	
    	    











      
 
	  v 
  
     u      










   !          
  














= C(u,v) + αR(v),
 C(u,v)     	
 
















 v     
  
 "   








∥∥∂tu+∇ · (uv)∥∥sLr , r, s ≥ 1

     
 	
  "   
  #   v   
$	
     u, ut   ∇u    % 	
	 
  










          % L1 
  	  	
    
    ' (	




  L1 
  	















	   

 *
     	  
 
     









4.5 Variational Motion Estimation 91
   	
 d     
    


   





    
     

    	 
 u 	
 	 v  
	
4.5.2. L2 − L2 Optical Flow Model
Model

   	 
 	   
 		  
4.2     	 L2       	 	 	   	
L2 
   	    ! 	     
	"











        
	  & 	 ' [()] *   	






             /
             0  
	 L2    	  	      	 
 	 	   .  
    	
Computational Minimization
 	   	
    

   ! 
1

   
	 	  	     	       

  L2 
 	     2

 2.2.27  L2 


   
    &        	3   	
    '  
1	 4
15' 
 [67] !  	  
      	 
 	8 
   	      
92 4 Motion Estimation
  	
 		     
 	 	 2.3.1      	

	   
 		 
 	 	  
   		   []  
  	 




























 y = (y1, y2)
t 	  	 	

 
       
   	  	 
		 	! K   	

 	  "
	








&  '   	 	 v 	
  	





‖ut +∇u · v‖22 .
)	%	!  	
	 















+! 	  ),  -	 2.3.1.  	
     	
 (






∥∥y − y˜k+1∥∥22 + σ2α ‖y‖22
}
-/1.







‖v − v˜k+1‖22 +
τ
2
‖ut +∇u · v‖22
}
-/22.
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v¯k+1 = vk+1 + θ(vk+1 − vk).  
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J(y) = J(y1, y2) =
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2ψ(y1 + τψ − y˜1) + λ
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(y1 − y˜1) + λy1
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y1 − y˜1 + λy1 != 0,
y2 − y˜2 + λy2 != 0,
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= (v1 − v˜1k+1) + τux(ut + v1ux + v2uy)
0
!







2 = v˜1k+1 − τuxut
τuxuyv
1 + (1 + τuyuy)v
2 = v˜2k+1 − τuyut.
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c1 := 1 + τuxux, c2 = τuxuy, c3 := 1 + τuyuy
b1 := v˜
1
k+1 − τuxut b2 := v˜2k+1 − τuyut.
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v˜k+1 = vk − τK∗yk+1 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{
(i, j, t) : i = 0, . . . , nx, j = 0, . . . , ny, t = 0, 1
}
   	   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	    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 	    
Ut(i, j) =







 i > 0  i < nx






 j > 0  j < ny
0  j = 0  j = ny
 	   
  v  
	  	
 	 V 
{
(i, j) : i = 0, . . . , nx, j = 0, . . . , ny
}
.
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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∂x, ∂y 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⎩v(i+ 1, j)− v(i, j)  i < nx0  i = nx
vy(i, j) =
⎧⎨
⎩v(i, j + 1)− v(i, j)  j < ny0  j = ny
∇ · y(i, j) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y1(i, j)− y1(i− 1, j)  i > 0
y1(i, j)  i = 0




y2(i, j)− y2(i, j − 1)  j > 0
y2(i, j)  j = 0
−y2(i, j − 1)  j = ny.
4.5 Variational Motion Estimation 97




  	  	  








   

 








   













 &  	
  
  
 		 	  	 	 
  
   
  '	
! (  % [)*] 
   
 
  		   


  +	  	 	
"
 xk, xk+1, yk, yk+1  $
 	  	 





















 |·|  
   	
 	 . 		 pk 









  ! , 
pk → 0  dk → 0 /$
	 ,   







   	 




	   	
  









 	 (v, v¯,y) ,
   













   ,  [02] 





98 4 Motion Estimation
   	
 
  	 		   	   η  1.0−4
 	

  	 	  	  	 	   	 	
 		 		  K 
 K∗ 	  	 	   




	   	  

	 	
   	  
 	 !"!#  	

 
 	  L2 − L2 $	 
%#%#$	U1, U2, α, η
  Ut, Ux, Uy ← &'		(U1)U2*
 K ← 	
$(*
 σ, τ ← 1√
8
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y ← α
α+σ
y˜
	 v˜ ← v − σK∗y

 v ← solveMatrix(v˜, Ut, Ux, Uy)
  v¯ ← 2 · v − vOld
   v
4.5.3. L2 − L2 Mass Preservation Model
Model
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vk+1 = vk − τK∗y
v¯k+1 = vk+1 + θ(vk+1 − vk)
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(v1 · u)(i+ 1, j)− (v1 · u)(i− 1, j))  i > 0  i < nx
0  i = 0  i = nx
∂y(v






(v2 · u)(i, j + 1)− (v2 · u)(i, j − 1))  j > 0  j < ny
0  j = 0  j = ny
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4.5.4. L2 − TV Optical Flow Model
Model
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 L2 − L2   	

 	
U1, U2, α, η
  Ut ← 		U1U2
 K ← 	
U1, U2
 σ, τ ← 1√
8max|u|
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y1,2 ← αα+σ ˜y1,2
	 y3 ← 1σ+1 y˜3 + σσ+1Ut

 v ← v − σK∗y
  v¯ ← 2 · v − vOld
   v
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v¯k+1 = vk+1 + θ(vk+1 − vk).
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y˜k+1 = yk + σKv¯k
yk+1 = πα(y˜k+1)









v¯k+1 = vk+1 + θ(vk+1 − vk).
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U1, U2, α, η
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	(U1U2)
 K ← "	()
 σ, τ ← 1√
8
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯





	 v˜ ← v − σK∗y

 v ← solveMatrix(v˜, Ut, Ux, Uy)
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4.5.5. L2 − TV Mass Preservation Model
Model
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∥∥ut +∇ · (uv)∥∥22 + α d∑
i=1
|vi|BV .
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v¯k+1 = vk+1 + θ(vk+1 − vk). !"#*+&
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vk+1 = vk − τK∗y
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 L2 − TV   	
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U1, U2, α, η
  Ut ← 		U1U2
 K ← 	
U1, U2
 σ, τ ← 1√
8max|u|
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y1,2 ← y˜1,2 − σS( y˜1,2σ , ασ )
	 y3 ← 1σ+1 y˜3 + σσ+1Ut

 v ← v − σK∗y
  v¯ ← 2 · v − vOld
   v
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4.5.6. L1 − TV Optical Flow Model
Model
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G(v) := ‖ut +∇xu · v‖1 .
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y˜k+1 = yk + σKv¯k


















+ τ ‖ut +∇u · v‖1
}
v¯k+1 = vk+1 + θ(vk+1 − vk).
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y˜k+1 = yk + σKv¯k
yk+1 = πα(y˜
k+1)
v˜k+1 = vk − τK∗yk+1
vk+1 = v˜k+1 +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  ρ(v˜k+1) < −τ ‖β‖22
−τβ  ρ(v˜k+1) > τ ‖β‖22
−ρ(v˜k+1)‖β‖22 β 
v¯k+1 = vk+1 + θ(vk+1 − vk)
Implementation and Algorithm
$	      	"        
L2 − TV         %	  
4.5 Variational Motion Estimation 111
    	
 
     	    	
   L1 − TV
 	 
 L1 − TV   
 U1, U2, α, η
  Ut, Ux, Uy ←  
 U1U2 
 K ← !"  
 σ, τ ← 1√
8
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯





	 v˜ ← v − σK∗y

 v ← affineShrink(v˜, τ)
  v¯ ← 2 · v − vOld
   v
  # ! 	  
  !   L2 − L2   #  L2 − TV
  # " $   	    "   K 	" !%"  
K∗  	 	  	%
  	 !  " ! 	  
 	    &	 	%
   '"  L2(	  "  	 '  
   !  "    	    	 	"     	 
"" 	  
  	   ! )"   
	 "" 	 "
* 	 +(, 	" -(.  	"	"	  !%
4.5.7. L1 − TV Mass Preservation Model
Model
 /	 " 	 "" 	    	    TV − L1   	 "
0      	 	 	  ut + ∇ · (uv)   "  /"      
	%		   /" v = (v1, v2) 	 	)" 	   L1 	 	 "    
L2 	   !   	"  	 	   ' 	      	  
	 "
  
) 	"  ! 	   	
 "
 
 L1 − TV 1 2 	 1"
argmin
v
∥∥ut +∇ · (uv)∥∥1 + α d∑
i=1
|vi|BV .
112 4 Motion Estimation
  L1−TV  		
 	   	 L1  		
  	
  	   	 
		   	 	 	
	  

 	   		  		 
	 	    	  
	 	   			 	
Computational Minimization
	 	 	 	 	 	  	 	
 	  	
argmin
v
∥∥ut +∇ · (uv)∥∥1 + α d∑
i=1
‖∇vi‖1 .
 	 		 		     	  	  
F (Kv) :=
∥∥ut +∇ · (uv)∥∥1 + α d∑
i=1
‖∇vi‖1 ,















 	  	  	  y = (y1, y2, y3)












 	 	   F ∗(y)  F  	 	   	 2.2.23
 2.2.25 




!   	 "	#$% 	% 	  	 		
















∥∥∥y − y˜k+13 ∥∥∥2
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∥∥∥v − (vk − τK∗y)∥∥∥2
2
}
v¯k+1 = vk+1 + θ(vk+1 − vk).
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〈y, y〉 − 〈y, y˜k+13 + σut〉+
1
2



















      





   
  








vk+1 = vk − τK∗y
v¯k+1 = vk+1 + θ(vk+1 − vk)
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(v1(x)− v1GT (x))2 + (v2(x)− v2GT (x))2 dx,








(v1(i)− v1GT (i))2 + (v2(i)− v2GT (i))2.
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arccos(vˆ(x) · vˆGT (x)) dx,







arccos(vˆ(i) · vˆGT (i)).
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4.6.4. Evaluation for Basic Flow Types
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K−1f = u+K−1δσ ↔ u = K−1f −K−1δσ.
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‖Ku− f‖22 dt+ α
∫ T
0
R(u(·, t)) dt+ β
∫ T
0
S(v(·, t)) dt 7	
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Ku− f + f log f
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C(u,v) := ∂tu+∇u · v. !"1#
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5.2. Simultaneous TV − L2 Image Reconstruction and
Motion Estimation
5.2.1. Deﬁnition and Motivation
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 ∂tu+∇ · (uv) = 0 
 D′([0, T ]× Ω),
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 ∂tu+∇u · v = 0 
 D′([0, T ]× Ω).
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5.2.2. Existence and Uniqueness
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u ∈ Lp(0, T ;BV (Ω)), v ∈ Lq(0, T ;W 1,2(Ω)), J(u,v) ≤ α

	 
‖v‖∞ ≤ cv < ∞ 
 	 Ω× [0, T ] 
	 K1t = 0 ∀t ∈ [0, T ] .
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‖u‖Lpˆ(0,T ;BV (Ω)) ≤ c, ‖v‖Lq(0,T ;W 1,2(Ω)) ≤ c 	
 pˆ = min {p, 2} ,
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	 S(c) 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	 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∗ 	  Lpˆ(0, T ;BV (Ω))×
Lq(0, T ;W 1,2(Ω))
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 J(u, ·) ≤ α 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|u|pBV (Ω) dt ≤ c.
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Ku(·, t)− f(·, t)) ∈ L2(Ω)   [0, T ] .
!	
∥∥Ku(·, t)− f(·, t)∥∥
L2(Ω)
  	 
  t ∈ [0, T ] 
 "
cK(t) :=
∥∥Ku(·, t)− f(·, t)∥∥
L2(Ω)
.
 	 	 
# 
 	





cpK dt     1 < p ≤ 2 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 L2	 
	
146 5 Combined Image Reconstruction and Flow Estimation
   	





|u|pBV (Ω) dt =
∫ T
0
TV (u)p dt ≤ α.
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u(x, t) dx, u0 = u(·, t)− u¯ ↔ u(·, t) = u0 + u¯.
	  
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 u0 ∫
Ω
u0 dx = 0 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‖u0‖L2(Ω) ≤ c1 ‖∇u0‖L2(Ω) ≤ c1c2 ‖∇u0‖L1(Ω) = c3TV (u0) ≤ c3α,
 c1, c2 
 c3  	  	

 *		   
  	
 	 ‖Ku¯‖L2(Ω)
    

‖Ku¯‖2L2 − 2 ‖Ku¯‖L2
(‖K‖ ‖u0‖L2 + ‖f‖L2) = ‖Ku¯‖L2 (‖Ku¯‖L2 − 2 (‖K‖ ‖u0‖L2 + ‖f‖L2))
≤ ‖Ku¯‖L2
(‖Ku¯‖L2 − 2 ‖Ku0 − f‖L2)
= ‖Ku¯‖2L2 − 2 ‖Ku0 − f‖L2 ‖Ku¯‖L2
≤ ‖Ku0 − f‖2L2 + ‖Ku¯‖2L2 − 2 ‖Ku0 − f‖L2 ‖Ku¯‖L2
=
(‖Ku0 − f‖L2 − ‖Ku¯‖L2)2 ≤ ‖Ku0 +Ku¯− f‖2L2
=





 x := ‖Ku¯‖L2(Ω) , a := ‖K‖ ‖u0‖L2(Ω) + ‖f‖L2(Ω)     '
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0 ≤ a ≤ ‖K‖ c3α + ‖f‖L2(Ω) =: c4.
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0 ≤ x ≤ c4 +
√
α + c24 ≤ c4 + c7(cK(t) + c4).
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|u|pˆBV (Ω) dt ≤ cMT + α.
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  v   	
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  	 	    v 
	





















L∞(Ω) dt+ α ≤ |Ω|
q cqvT + α.
  2.1.10    		 BV (Ω) 
 	        Y 
 
	
    2.1.14 









	 	   		
   	
Lq(0, T ;W 1,2(Ω)) = Lq
∗









 	   "  
	
   	 #$   2.2.16

 	 	 
 	 %#∗ 	 
    
	

	   	   &#L2 
 &#L2   (5.10) 
 %#∗  
	

  	    		   '    (  2.2.9
)(
	    
	 (	
   	 " 	 ‖Ku− f‖2L2(Ω) 
‖∇v‖2qL2(Ω)  (   q ≥ 1  2.2.9 )(  	
    
  	  %  
	
   2.2.13 * 	 	 +(#
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	 	
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   	
    	 ∇ · (uv)  	 ∇u · v 	
     
   
  Lp 	 BV 	  
   
uk ⇀ u, vk ⇀ v,

  	          
	    
∇ · (ukvk)  ∇ · (uv), ∇uk · vk  ∇u · v.
 !	  
   ["#]          
    $ 
    
   
 
      
%& & 2.1.16$    	 

Lp(0, T ;X ) ⊂⊂ Lp(0, T ;Y),
     Y $  uk  
  Lp(0, T ;X )  ∂tuk  

 Lq(0, T ;Z)  ' 	 X ⊂⊂ Y ↪→ Z  		      X = BV (Ω)
 Y = Lr(Ω)   (      
  ∂tuk   &
 	
Lr(0, T ;Z)$    
   
   '  ∂tu
& Ω ⊂ R2, u ∈ Lp(0, T ;BV (Ω))  v ∈ Lq(0, T ;W 1,2(Ω)) &  

‖v‖∞ ≤ cv < ∞   Ω× [0, T ] .
) 		 
	
* u,v    
∂tu+∇ · (uv) = 0
 
∂tu ∈ Lp(0, T ;W−1,2(Ω)).
+  
&  ∇ · v ∈ Lp∗s(0, T ;L2k(Ω))  1
k
+ 1
k∗ = 1, k









p∗ = 1    u,v 	 
     












     
 
  ∂tu 	 
            
   Lp
∗
(0, T ;W 1,2(Ω)) 
      
     Lp(0, T ;W−1,2(Ω))
 
 2.1.14         
  
    
  !   
    
   















uv · ∇ϕ dx dt.
" 
    	 
    



































































‖u‖L2 ‖ϕ‖W 1,2 dt
















≤ cv ‖u‖Lp(0,T ;L2) ‖ϕ‖Lp∗ (0,T ;W 1,2)
    	
 	  BV (Ω) 	 L2(Ω)  Ω ⊂ R2 
 
2.1.22 	  2.1.23    	
 	








∂tuϕ dx dt ≤ C ‖ϕ‖Lp∗ (0,T ;W 1,2) ,
 ∂tu 	
   	 	  L
p∗(0, T ;W 1,2(Ω)) 
  
∂tu ∈ (Lp∗(0, T ;W 1,2(Ω)))∗ = Lp(0, T ;W−1,2(Ω)).
  	

  	  	   	  
   	  

	













u∇ · (vϕ) dx dt.
 
	
  	 
		  
























































































	  (ii)   	   
	   5.12 	  	

























































≤ ‖u‖Lp(0,T ;L2) ‖∇ · v‖Lp∗s(0,T ;L2k) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
	  	 






∣∣∣∣∣ ≤ ‖u‖Lp(0,T ;L2) ‖∇ · v‖Lp∗s(0,T ;L2k) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
+ ‖u‖Lp(0,T ;L2) ‖v‖Lp∗s(0,T ;L2) ‖ϕ‖Lp∗s∗ (0,T ;W 1,2)
≤ ‖u‖Lp(0,T ;L2) ‖∇ · v‖Lp∗s(0,T ;L2k) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
+ ‖u‖Lp(0,T ;L2) ‖v‖Lp∗s(0,T ;L2) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
≤ (‖∇ · v‖Lp∗s(0,T ;L2k) + ‖v‖Lp∗s(0,T ;L2)) ‖u‖Lp(0,T ;L2) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ ) .
       
W 1,2(Ω) ↪→ L2k∗(Ω), ∀k∗ < ∞.
  	
     	  	
  	  	  
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   u 	






∂tuϕ dx dt ≤ C ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ ) .

 ∂tu 
       L
p∗s∗(0, T ;L2k
∗
(Ω))  	   	
∂tu ∈ (Lp∗s∗(0, T ;L2k∗(Ω)))∗ = L
p∗s∗




  ∂tu 	  	       
 
2.1.16 	  	 
  	
     u
   Ω ⊂ R2 v ∈ Lq(0, T ;W 1,2(Ω))    cv ∈ R+





u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
}
      
Lp(0, T ;Lr(Ω)),  1 < r < 2.
   
  ∇·v ∈ Lp∗s(0, T ;L2k(Ω)) 	 1
k
+ 1









u : u ∈ Lp(0, T ;BV (Ω)), ut +∇u · v = 0
}
      
Lp(0, T ;Lr(Ω)), 
2k∗
2k∗ − 1 ≤ r < 2.
 










   
 		 	  u 	
 Lp(0, T ;BV (Ω)) 	
   
	
   
	
	 	
  	   
  ∂tu 	
 L
p(0, T ;W−1,2(Ω))
  5.2.5  !	
 	
    "	
	
   2.1.16  
X = BV (Ω) 
 Z = W−1,2(Ω) # 	 	
 	  $
   r  
Y = Lr(Ω) 

BV (Ω) ⊂⊂ Y ↪→ W−1,2(Ω).
%	
  BV (Ω) 	
 Lr(Ω)    r < n
n−1  # 2.1.22 & 
n 	  	 	
	
 "	     	
	
 '  	
 r < 2  
$ 
	
 (    






    







r∗ = 1& 
 W








(Ω) 		  	      )	 5.1  	

 	







(Ω)  2 ≤ r∗ < ∞  # 2.1.19  #
    *

 r 	
	 1 < r ≤ 2 +	
	
  		
  r  	





  	   	

{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
} ⊂⊂ Lp(0, T ;Lr(Ω)),  1 < r < 2.
  
   
  
 	  
 		 	  u 	
 Lp(0, T ;BV (Ω))
)  	 , 	
     
  ∂tu 	
 L
p∗t




  BV 	
  	
 Y = Lr(Ω)  r < 2  # 2.1.22  )
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  	 Lr(Ω) ↪→ L 2k
∗
2k∗−1 (Ω) 
   r ≥ 2k∗
2k∗−1    





2k∗ − 1 ≤ r < 2.
              	
{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇u · v = 0
} ⊂⊂ Lp(0, T ;Lr(Ω)),  2k∗
2k∗ − 1 ≤ r < 2.
         limk∗→∞ 2k
∗
2k∗−1 = 1  	  	 k
∗  
 
   	            
      
  	 p = q = 2       	    	     
        !
   " #      
      
  	      	 L2(0, T ;BV (Ω))       $
 L2(0, T ;L
3




%     !
  
         	  v #
    
   	         Lp
∗s(0, T ;L2k(Ω))
   
      	  p∗ = 2  p∗    &	  
p = 2 #  s          ∂tu  
      
  s = 3
2
 #       k 
      3
2
 #  k∗ = 3 #






≤ r < 2 # r = 3
2
     
 	 	    
	 L2(0, T ;BV (Ω))       $  L2(0, T ;L
3
2 (Ω))
      	   
  
   	 	  uk  
u   
    
 	      ∇uk · vk  ∇ · (ukvk)  




 '	      
   Ω ⊂ R2, uk ∈ Lp(0, T ;BV (Ω))  v ∈ Lq(0, T ;W 1,2(Ω))     
‖v‖∞ ≤ cv < ∞   Ω× [0, T ] .




∂tuk +∇ · (ukvk) ⇀ ∂tu+∇ · (uv)







∇ · v ∈ Lp∗s(0, T ;L2k(Ω)),





∂tuk +∇uk · vk ⇀ ∂tu+∇u · v








   ϕ ∈ C∞0 (Ω), uk ∈ Lp(0, T ;BV (Ω))  vk ∈
Lq(0, T ;W 1,2(Ω)) 
    ∂t  
 









(uk − u) ∂tϕ dx dt → 0.
 	 
	  	    	 




 uk ⇀ u
  	





∇ · (ukvk) ⇀ ∇ · (uv),
 	   


























(uk − u)vk + u(vk − v)
) · ∇ϕ dx dt








u(vk − v) · ∇ϕ dx dt






u(vk − v) · ∇ϕ dx dt







u(vk − v) · ∇ϕ dx dt︸ ︷︷ ︸
(ii)
.




u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
} ⊂⊂ Lp(0, T ;Lr(Ω)),  1 < r < 2.
	  
 	 	 uk ∈ Lp(0, T ;BV (Ω)  
	 uk → u 
	 	
Lp(0, T ;Lr) 	 (i) 
	 
   k → ∞
 
 (ii) 
 		  v   v ∈ L∞([0, T ] × Ω) 	  ∗
		    4  
! "		
  		  (ii)  	
u∇ϕ ∈ L1([0, T ]×Ω) # 
 
 
 	 BV (Ω) ⊂⊂ L1(Ω)  (2.1.22)!
	 p > 1  

Lp(0, T ;BV (Ω)) ↪→ Lp(0, T ;L1(Ω)) ↪→ L1(0, T ;L1(Ω)).
$   u ∈ L1([0, T ] × Ω) 	 	 

 	
	  	 	 L1  	 

 








ukvk − uv dx dt| ≤ lim
k→∞






u(vk − v) · ∇ϕ dx dt| = 0.
  	
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uk∇ · (ϕvk)− u∇ · (ϕvk)






(uk − u)∇ · (ϕvk)





























∥∥∇ · (ϕvk)∥∥Lr∗ dt
≤ ‖uk − u‖Lp(0,T ;Lr)
∥∥∇ · (ϕvk)∥∥Lp∗ (0,T ;Lr∗ )
= ‖uk − u‖Lp(0,T ;Lr) ‖ϕ∇ · vk + vk · ∇ϕ‖Lp∗ (0,T ;Lr∗ )
≤ ‖uk − u‖Lp(0,T ;Lr(Ω)) ·
(‖ϕ∇ · vk‖Lp∗ (0,T ;Lr∗ (Ω))︸ ︷︷ ︸
(i.1)




 	 (i.1)  	
  	 








∇ · v ∈ Lp∗s(0, T ;L2k(Ω)).
  	
   	

Lp
∗s(0, T ;L2k(Ω)) ↪→ Lp∗(0, T ;Lr∗(Ω)).
 
!    	  	  " 
   p∗s ≥ p∗ 

2k ≥ r∗   s > 1 	 # 
   $ 	    

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    	  
  r 	 r∗  	 	 	  
 		  
 
     2k
∗
2k∗−1 ≤ r < 2       
 	  2k ≥ r∗ 

2k ≥ r∗ ⇔ 2k ≥ r
r − 1 ⇔ 2kr − r ≥ 2k ⇔ (2k − 1)r ≥ 2k ⇔
2k









k∗−1 	 r   
     
2k∗
2k∗−1 ≤ r < 2    
  
 





k∗−1  "  
    
r = 3/2 	   2k
∗
k∗+1 ≤ r    1 < k∗ ≤ 2 #
 	  
 $	 	 
∇ · vk  Lp∗(0, T ;Lr∗(Ω))
%  (i.2) 
  		   
     &  
  
     u  !    
  (i)  	   '











uϕ∇ · (vk − v)︸ ︷︷ ︸
(ii).1
+ u(vk − v) · ∇ϕ︸ ︷︷ ︸
(ii).2
dx dt,
	    
  (ii).2 
 	  		   




∇ · vk ∈ Lp∗s(0, T ;L2k(Ω)),
 
! !  ∗!  
uϕ ∈ L(p∗s)∗(0, T ;L(2k)∗(Ω)).
* k > 1    
(2k)∗ =
2k
2k − 1 < 2 ∀k > 1,








BV (Ω) ↪→ L 2k2k−1 (Ω) = L(2k)∗(Ω) ∀k > 1.












ps− p+ 1 ,
 
  
	   
	
ps
ps− p+ 1 < p ⇔ ps < p
2s− p2 + p ⇔ s < ps− p+ 1 ⇔ s− 1 < p(s− 1) ⇔ 1 < p.
 p > 1    
  
  
   
Lp(0, T ;BV (Ω)) ↪→ Lp(0, T ;L 2k2k−1 (Ω)) = Lp(0, T ;L(2k)∗(Ω))
↪→ L psps−p+1 (0, T ;L(2k)∗(Ω)) = L(p∗s)∗(0, T ;L(2k)∗(Ω)).

	   u ∈ L(p∗s)∗(0, T ;L(2k)∗(Ω))    
	  Lp∗s(0, T ;L2k(Ω))

   ∗   ∇ · vk  (ii).1   0  k → ∞

 		 
    













































u(vk − v) · ∇ϕ dx dt
∣∣∣∣∣
= 0.
    		 	  
  
	   !   "
  !  #	 (5.2.1)  #	 (5.2.2)
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  	
   	
   
	  TV − L2 	





















‖v‖∞ ≤ cv < ∞   Ω× [0, T ]  K1t = 0 ∀t ∈ [0, T ] .
 
     (u˜, v˜)   {





	  s, k > 1  p∗   1
p
+ 1
p∗ = 1   	  
   
{(u,v) :u ∈ Lpˆ(0, T ;BV (Ω)),v ∈ Lq(0, T ;W 1,2(Ω)),
∇ · v ∈ Lp∗s(0, T ;L2k(Ω)), ∂tu+∇ · (uv) = 0}.




	 2.2.17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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	  5.2.3 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  	 	   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	  5.2.4
#$ 
	   (uk,vk) 	 	 	   	 
 5.2.7 % 
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5.10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Uniqueness
  
	   '"L2 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 (	 '"L2 	  	
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∂tu+∇ · (uv) = 0
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‖Ku− f‖22 + α ‖∇xu‖1 +
β
2
‖∇xv‖22 + γ ‖ut +∇xu · v‖1 dt, *+,-.
  











∥∥ut +∇x · (uv)∥∥1 dt. *+,/.
 	
  	
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Realization of the TV − L2 Optical Flow Model
Primal-dual Framework
    		
  	 (5.13) 	 u 	 v   	 		 	
	 
	   	  
  u 	  
  v








‖Ku− f‖22 + α ‖∇xu‖1 + γ












‖∇xv‖22 dt.  
  	 u

 !! (5.15)     ! "
#  [$ ] 
%
	 2.3.1    &		  
'   	 !   
!  
#  	'' 
		 	  L1 ( 	  '
	
 		  %
	 2.2.6     
  	    






‖Ku− f‖22 + α ‖∇xu‖1 + γ
∥∥∥(1, vk1 , vk2) · (ut, ux, uy)∥∥∥
1
dt,











* +	   C  
 '	 !
C∗y = K∗y1 −∇x · y2 − (∂t(y3,1) + ∂x(y3,2) + ∂y(y3,3)).
( 		    #  	   	 
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u¯l+1 = ul+1 + θ(ul+1 − ul).   
" 	  



























 y2   *%) 	  ' 4.5.4   &  
	     + 
 y˜2
l  [−α, α]
yl+12 = πα(y˜2
l+1).
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u− (ul − τC∗yl+1) != 0,
   	
  
u = ul − τC∗yl+1.
	
 	 	 	  
  
 vk  
  
  l → ∞
   	
   (5.15)  uk+1



























ul+1 = ul − τC∗yl+1
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 (5.16)   	 vk+1 

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  	  	

 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  v  
  uk+1 
 
	 
































∥∥∥uk+1t +∇xuk+1 · v∥∥∥
1





    	





















∥∥∥v − (vl − τC∗yl+1)∥∥∥2
2
+ τ





v¯l+1 = vl+1 + θ(vl+1 − vl)  !"%
   y  
 
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2.2.29   
v˜ := vl − τC∗yl+1, f(v) := ukt +∇xuk · v, β := ∇xuk,
	 
 
 	  
v = v˜ +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  f(v˜) < −τ ‖β‖2







  	  
	





v˜l+1 = vl − τC∗yl+1
vl+1 = v˜ +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  f(v˜) < −τ ‖β‖2
−τβ  f(v˜) > τ ‖β‖2
−f(v˜)β‖β‖2 

v¯l+1 = vl+1 + θ(vl+1 − vl)
  	    	 
   (5.16) 
 vk+1 = liml→∞ vl
Discretization and Algorithm





‖Ku− f‖22 + α ‖∇xu‖1 +
β
2
‖∇xv‖22 + γ ‖ut +∇xu · v‖1 dt.
 	 
  !  
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(i, j, t) : i = 0, . . . , nx, j = 0, . . . , ny, t = 0, . . . , nt
}
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⎩v(i+ 1, j)− v(i, j) 	 i < nx0 	 i = nx
viy(i, j) =
⎧⎨
⎩v(i, j + 1)− v(i, j) 	 j < ny0 	 j = ny
∇ · y(i, j) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y1(i, j)− y1(i− 1, j) 	 i > 0
y1(i, j) 	 i = 0




y2(i, j)− y2(i, j − 1) 	 j > 0
y2(i, j) 	 j = 0
−y2(i, j − 1) 	 j = ny.
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 t < nt
0  t = nt





 i > 0 	 i < nx
0  i = 0  i = nx





 j > 0 	 j < ny










 t > 0
0  t = 0





 i > 0 	 i < nx
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 i = nx





 j > 0 	 j < ny
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 	 
   TV − L2 	
 




f, α, β, γ,K
v, u ← 0  < threshold
uOldM ← u
vOldM ← v
y, u¯ ← 0 u < threshold
uOld ← u
y˜ ← y + σCuu¯
y1 ← y˜1σ+1 − σf
y2 ← y˜2 − σS( y˜2σ , ασ )
y3 ← solveAffine(y˜3,v)
u ← u− τC∗uy
u¯ ← 2u− uOld
y, v¯ ← 0 v < threshold
vOld ← v




v˜ ← v − τC∗vy
v ← solveAffine(v˜)
v¯ ← 2v − vOld
 ← |u−uOldM |+|v−vOldM |
2|Ω|
v
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Realization of the TV − L2 Mass Preservation Model
Primal dual Framework
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‖Ku− f‖22 + α ‖∇xu‖1 + γ












‖∇xv‖22 dt. ! 
  	 u
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‖Ku− f‖22 + α ‖∇xu‖1 + γ














 &	   C 	  	 
C∗y = K∗y1 −∇x · y2 − (∂t(y3,1) + ∂x(y3,2) + ∂y(y3,3)− I(y3,4)).
'	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‖y‖22 + σ〈y, f〉 dt
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−γβ  f( y˜l+13
σ
















ul+1 = ul − τC∗yl+1
u¯l+1 = ul+1 + θ(ul+1 − ul).
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∥∥y1,2∥∥22 + δB(L∞)(y3)− 〈uk+1t , y3〉 dt.









〈v, C∗y〉 − γ
2β
∥∥y1,2∥∥22 − δB(L∞)(y3) + 〈uk+1t , y3〉 dt.

	




























∥∥∥y − y˜l+13 ∥∥∥2
2













v¯l+1 = vl+1 + θ(vl+1 − vl) "#$)%
 	
 
	 y1,2 	 	  	 

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    	
 	     4.5.4      
	 	  y˜3
l+1  [−1, 1]
yl+13 = π1(y˜3
l+1).
  	    







vl+1 = vl − τC∗y,
v¯l+1 = vl+1 + θ(vl+1 − vl).
   
      5.28!  vk+1 = liml→∞ vl"
Discretization and Algorithm
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∥∥ut +∇x · (uv)∥∥1 dt.
& 	 # 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5.3. Simultaneous TV − TV Image Reconstruction and
Motion Estimation
5.3.1. Deﬁnition and Motivation
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 	 
   TV −L2  	






f, α, β, γ,K
  v, u ← 0  < threshold
 uOldM ← u
 vOldM ← v
 y, u¯ ← 0 u < threshold
 uOld ← u
 y˜ ← y + σCuu¯
 y1 ← y˜1σ+1 − σf
	 y2,3 ← y˜2,3 − σS( y˜2,3σ , ασ )

 u ← u− τC∗uy
  u¯ ← 2u− uOld
   y, v¯ ← 0 v < threshold
  vOld ← v
  y˜ ← y + σCvv¯
  y1,2 ← ββ+γσ ˜y1,2
  y3 ← solveAffine(y˜3, u)
  v ← v − τC∗vy
  v¯ ← 2v − vOld
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 ∂tu+∇ · (uv) = 0  D′([0, T ]× Ω),
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  ∂tu+∇u · v = 0  D′([0, T ]× Ω).
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5.3.2. Existence and Uniqueness
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‖v‖∞ ≤ cv < ∞  Ω× [0, T ] 	 K1t = 0 ∀t ∈ [0, T ] .
+ !
 (u,v)    
S(c) =
{
(u,v) ∈ Lpˆ(0, T ;BV (Ω))× Lq(0, T ;BV (Ω)) : J(u,v) ≤ c
}
 	
‖u‖Lpˆ(0,T ;BV (Ω)) ≤ c, ‖v‖Lq(0,T ;BV (Ω)) ≤ c  pˆ = min {p, 2} .
* , S(c)     	 	   	%∗ 
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cqv |Ω| dt+ α = cqv |Ω|T + α
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   # 	 ∂tu
 Ω ⊂ R2, u ∈ Lp(0, T ;BV (Ω)) 
 v ∈ Lq(0, T ;BV (Ω))  			
‖v‖∞ ≤ cv < ∞ 





 	 u,v     %

∂tu+∇ · (uv) = 0








	 ∇ · v ∈ Lp∗s(0, T ;L2k(Ω))  	 1
k
+ 1






	 u,v  	 	   	
∂tu+∇u · v = 0.
   
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  	  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 v  ∇ · v  

v ∈ Lq(0, T ;BV (Ω))   	 	   	
  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 u
	  Ω ⊂ R2, u ∈ Lp(0, T ;BV (Ω))  v ∈ Lq(0, T ;BV (Ω)) 	 
	 




u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
}
  	!  	
Lp(0, T ;Lr(Ω)), 




	 ∇·v ∈ Lp∗s(0, T ;L2k(Ω))  	 1
k
+ 1




p∗  s, k
∗ > 1
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Lp(0, T ;Lr(Ω)), 

2k∗
2k∗ − 1 ≤ r < 2.
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 Ω ⊂ R2, uk ∈ Lp(0, T ;BV (Ω))  vk ∈ Lq(0, T ;BV (Ω))  













 ∇ · v ∈ Lp∗s(0, T ;L2k(Ω))  k, s > 1  
∂tuk +∇uk · vk ⇀ ∂tu+∇u · v
   
 	

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u(vk − v) · ∇ϕ dx dt︸ ︷︷ ︸
(ii)
	
           
     
    (i) 
       
  (ii)         
  W 1,2      v     
  v ∈ L∞(Ω)   
  
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   ∗ 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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  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       L1     (2.1.22)"   
  u ∈ L1











v · (u∇ϕ) dx dt








ukvk − uv dx dt
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u∇ · (ϕ(vk − v)) dx dt︸ ︷︷ ︸
(ii)
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  (i) 
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  v  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∇ · v













uϕ∇ · (vk − v)︸ ︷︷ ︸
(ii).1
+ u(vk − v) · ∇ϕ︸ ︷︷ ︸
(ii.2)
dx dt,
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u(vk − v) · ∇ϕ dx dt
∣∣∣∣∣
= 0
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(5.42)
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‖v‖∞ ≤ cv < ∞ 	  Ω× [0, T ] 	 K1t = 0 ∀t ∈ [0, T ] .
 
   	  (u˜, v˜) 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 {




!   s, k > 1 	 p∗  	 1
p
+ 1
p∗ = 1 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   {
(u,v) : u ∈ Lpˆ(0, T ;BV (Ω)),v ∈ Lq(0, T ;BV (Ω)),∇ · v ∈ Lp∗s(0, T ;L2k(Ω)), ∂tu+∇ · (uv) = 0
}
.
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Uniqueness
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Realization of the TV − TV Optical Flow Model
Primal-dual Framework
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‖Ku− f‖22 + α ‖∇xu‖1 + β ‖∇xv‖1 + γ ‖ut +∇xu · v‖1 dt, "$*&'
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‖Ku− f‖22 + α ‖∇xu‖1 + γ
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  uk+1  liml→∞ ul








ul+1 = ul − τC∗yl+1
u¯l+1 = ul+1 + θ(ul+1 − ul).
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v˜l+1 = vl − τC∗yl+1
vl+1 = v˜ +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  f(v˜l+1) < −τ ‖β‖2
−τβ  f(v˜l+1) > τ ‖β‖2
−f(v˜l+1)β‖β‖2 
v¯l+1 = vl+1 + θ(vl+1 − vl).
  	 	      vk+1 = liml→∞ vl
Discretization and Algorithm
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   TV − TV 	
 




f, α, β, γ,K
  v, u ← 0  < threshold
 uOldM ← u
 vOldM ← v
 y, u¯ ← 0 u < threshold
 uOld ← u
 y˜ ← y + σCuu¯
 y1 ← y˜1σ+1 − σf
	 y2 ← y˜2 − σS( y˜2σ , ασ )

 y3 ← solveAffine(y˜3,v)
  u ← u− τC∗uy
   u¯ ← 2u− uOld
  y, v¯ ← 0 v < threshold
  vOld ← v
  y˜ ← y + σCvv¯





  v˜ ← v − τC∗vy
  v ← solveAffine(v˜)
 	 v¯ ← 2v − vOld
 
  ← |u−uOldM |+|v−vOldM |
2|Ω|
 v
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Realization of the TV − TV Mass Preservation Model
Primal-dual Framework










‖Ku− f‖22 + α ‖∇xu‖1 + β ‖∇xv‖1 + γ
∥∥ut +∇x · (uv)∥∥1 dt.
     








‖Ku− f‖22 + α ‖∇xu‖1 + γ
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vl+1 = vl − τC∗yl+1
v¯l+1 = vl+1 + θ(vl+1 − vl).
Discretization and Algorithm
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   TV −TV  	






f, α, β, γ,K
  v, u ← 0  < threshold
 uOldM ← u
 vOldM ← v
 y, u¯ ← 0 u < threshold
 uOld ← u
 y˜ ← y + σCuu¯
 y1 ← y˜1σ+1 − σf
	 y2,3 ← y˜2,3 − σS( y˜2,3σ , ασ )

 u ← u− τC∗uy
  u¯ ← 2u− uOld
   y, v¯ ← 0 v < threshold
  vOld ← v
  y˜ ← y + σCvv¯
  y1,2 ← y˜1,2 − σS( y˜1,2σ , βγσ )
  y3 ← solveAffine(y˜3, u)
  v ← v − τC∗vy
  v¯ ← 2v − vOld
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‖Ku− f‖22 + α ‖∇xu‖1 dt
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‖Ku− f‖22 + α ‖∇xu‖1 + γ ‖ut +∇xu · v‖1 dt.
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	 μu, μurec , σu, σurec  σu,urec 	 ! 
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 C1 = 0.01
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 C2 = 0.03
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SNR := 10 log10(
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(u2)
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Denoising and Motion Estimation
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I0(x)− I1(x+ v) = 0, %.0*
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I0(x)− (I1(x+ v0) + 〈∇I1,v − v0〉)) = 0
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A.1. Additional Mathematical Preliminaries
A.1.1. Basic Deﬁnitions
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α = (α1, . . . , αn), αi ∈ N0.




α± β = (α1 ± β1, . . . , αn ± βn),
          

|α| = α1 + . . .+ αn.
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Ω
u∂αϕ dx = (−1)|α|
∫
Ω
vϕ dx, ∀ϕ ∈ C∞0 (Ω).
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C∞0 (Ω) :=
{
ϕ ∈ C∞(Ω) : supp(ϕ) ⊂ Ω  	 }
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 	 ϕ ∈ C∞0 (Ω)!
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δ(ϕ) = 〈δ, ϕ〉 := ϕ(0)
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〈v, ϕ〉 = (−1)|α| 〈η, ∂αϕ〉 , ∀ϕ ∈ C∞0 (Ω)
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Θ : R → R, Θ(x) :=
⎧⎨
⎩0  x < 01  x ≥ 0 , 
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ϕ(x) = ϕ(0) = 〈δ, ϕ〉 ,
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 f ∈ Lp(Ω)




‖fg‖1 ≤ ‖f‖p ‖g‖q .
  '
 ‖f‖ > 0, ‖g‖ > 0 
 
 	
(    )  
‖f‖ < ∞, ‖g‖ < ∞ 
 
 




 p, q ∈ (1,∞) 
 
   
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	   f 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 C = C(Ω, p)    u ∈ W 1,p(Ω)
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 1 ≤ p ≤ ∞ <  f, g ∈ Lp(Ω) 




  Lp 
 

‖f + g‖p ≤ ‖f‖p + ‖g‖p .
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    1 < p < ∞   	
   f + g   	 p
  f  g
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
 R+ 
 p > 1   ∣∣∣∣12f + 12g
∣∣∣∣p ≤
∣∣∣∣12 |f |+ 12 |g|
∣∣∣∣p ≤ 12 |f |p + 12 |g|p ⇔ |f + g|p ≤ 2p−1(|f |p + |g|p).
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‖f + g‖pp =
∫
|f + g|p dμ =
∫




(|f |+ |g|) |f + g|p−1 dμ =
∫
|f | |f + g|p−1 dμ+
∫





⎝(∫ |f |p dμ) 1p + (∫ |g|p dμ) 1p
⎞
⎠(∫ |f + g|(p−1) pp−1 dμ)1− 1p
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‖f + g‖p ≤ ‖f‖p + ‖g‖p .
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A.1







































+ ux,y+1,z + ux+1,y+1,z
− ux,y,z+1 − ux+1,y,z+1













+ ux+1,y,z+1 + ux+1,y+1,z+1
− ux,y,z − ux,y+1,z











+ ux,y+1,z+1 + ux+1,y+1,z+1
− ux,y,z − ux+1,y,z
− ux,y,z+1 − ux+1,y,z+1)
ux, uy, ut vi
u ∈ C2(Ω), u : Ω ⊂ R2 → R
∇ccu := (∂ccx u, ∂ccy u)T
∂ccx u :=
u(x+ h, y + h) + u(x+ h, y)− u(x, y + h)− u(x, y)
2h
∂ccy u :=





u(x+ h, y + h) + u(x+ h, y)− u(x, y + h)− u(x, y)
2h
=
u(x+ h, y) + huy(x+ h, y) + u(x, y) + hux(x, y)− u(x, y)− huy(x, y)− u(x, y) +O(h2)
2h
=
u(x, y) + hux(x, y) + huy(x, y) + u(x, y) + hux(x, y)− u(x, y)− huy(x, y)− u(x, y) +O(h2)
2h


















j+1 − uk+1j − ukj
2hx
= 0,
ht, hx v c :=
vht
hx
uk+1j+1(1 + c) + u
k+1




keijhx , a := eihx .
(A.4)
0 = zk+1a(1 + c) + zk+1(1− c) + zka(c− 1) + zk(−1− c)
↔ zk+1 = (a− 1)(1− c) + 2
(a− 1)(1 + c) + 2z
k.
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c c = 0, c > 0, c < 0
a > 1 c = 0 zk+1 = zk
c = 0 v = 0
c > 0 v > 0
(a− 1)(1− c) + 2
(a− 1)(1 + c) + 2 < 1,
c < 0
v < 0
(a− 1)(1− c) + 2
(a− 1)(1 + c) + 2 > 1,
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TV − L2
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A.4.2. Level-Set to Region Function
Φ
x ∈ R1 ⇐⇒ Φ(x) > 0
x ∈ R2 ⇐⇒ Φ(x) < 0
RF (x) =
⎧⎨
⎩1, Φ(x) > 02, Φ(x) ≤ 0






Γ Φ(x, t = 0)
y /∈ Γ





Φt + F |∇Φ| = 0
Γ = Φ(x, t = 0)
Φ
[ ]
• Φ n = ∇Φ|∇Φ|
• Φ





ij −Δt(max(D−xij Φ, 0)2 +min(D+xij Φ, 0)2 +max(D−yij Φ, 0)2 +min(D+yij Φ, 0)2)














|∇T |F = 1
F = 1
|∇T | = 1
[ ]
A.5
max(max(D−xij T, 0),−min(D+xij T, 0))2 +max(max(D−yij T, 0),−min(D+yij T, 0))2 = 1
T















d ∈ [T0, T0 + 1]
T0 K
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